Energy-resolved two-photon photoemission is modeled in the framework of optical Bloch equations for a three-level system. For pulsed excitation, analytical expressions for the photocurrent have been derived which elucidate numerical solutions. The information that can be extracted from linewidth analysis is demonstrated to depend substantially on the shape of pump and probe pulses. The analysis is applied to image-potential states leading to overall good agreement.
I. INTRODUCTION
The development of Ti:sapphire lasers greatly facilitated the generation of ultrashort laser pulses, and provoked a substantial progress in the field of femtosecond laser photoemission. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] In two-photon photoemission ͑2PPE͒ spectroscopy, the state selectivity of conventional photoelectron spectroscopy is combined with the time resolution of pump-probe laser experiments. A first pulse excites electrons to an unoccupied intermediate state, while a second pulse lifts them above the ionization level ͑see Fig. 1͒ . The electron count rate is proportional to the transient population of the excited state and varying the pump-probe delay thus yields the decay rate ⌫. The kinetic energy and the momentum of the photoemitted electron determine the probed intermediate state.
In addition to inelastic scattering, causing a decay of the intermediate state population, the dynamics of the excited system will be governed by quasielastic scattering processes. By definition the latter do not affect ⌫. However, quasielastic scattering destroys the phase relation between initial, intermediate, and/or final states mediated via pump and probe pulses. This so-called pure dephasing rate ⌫* causes an additional decay of the polarization, i.e., a dephasing of the field-induced coupling of the individual states.
As long as inhomogeneous broadening can be neglected, 2PPE allows one in principle to access the dynamics of the excited system fully. There are two techniques to measure the pure dephasing rates with rather high precision directly in the time domain. ͑i͒ In two-pulse interferometric photoemission, dephasing shows up in the and 2 components of the correlation trace. 11 Femtosecond interferometric measurements, however, require ultrashort pump and probe pulses with identical polarization and frequency , which restricts the range of accessible intermediate states. ͑ii͒ Quasielastic scattering rates can also be extracted by quantum beat spectroscopy, but this method is only applicable for few favorable systems. 7, 12 In conventional photoemission spectroscopy it is well established that one can extract the hole lifetimes by linewidth analysis assuming a Lorentzian line shape with a full width at half maximum ͑FWHM͒ of ⌫ϭប/ when quasielastic scattering can be neglected. By analogy one would expect a linewidth ͑FWHM͒ of ⌫ϩ2⌫* ͑1͒
for the intermediate state in 2PPE, and thus a contribution of both inelastic and quasielastic decay rates. However, there is a subtle difference between conventional photoemission and the second step in a 2PPE experiment. Using ultrashort pulses in the latter, a transient population, i.e., an increasing or decreasing electron population, is probed, while in a conventional photoemission experiment one considers the initial-state population as constant and the photo-hole decay starts with the excitation process. Thus Eq. ͑1͒ will in general hold only for continuous-wave excitation, i.e., for a steadystate population of the intermediate state.
Experiments with femtosecond pulses indeed exhibit a strong dependence of the measured linewidth on the pumpprobe delay. [13] [14] [15] The 2PPE process may be described with a fourth-order perturbation expansion. 16 The more common approach to the data analysis exploits the framework of optical Bloch equations by numerical simulations [13] [14] [15] or assumes Eq. ͑1͒ to be valid for a large pump-probe delay. 12 For the steady state, analytical solutions of a three-level system were discussed by Chebotayev, 17 and later refined for the case of 2PPE by Wolf et al. ͑Ref. 13͒. As pointed out already, the latter approach is not applicable when the pulse duration and lifetime are comparable.
In this paper we investigate the observables from twophoton photoemission in terms of analytical and numerical solutions for the optical Bloch equations of a three-level system for arbitrary excitation ͑Sec. II͒. The linewidth measured in an energy-resolved spectrum not only depends on the delay between pump and probe pulses, but crucially on the shape of the probe pulse ͑Sec. III͒. The analysis is applied to 2PPE data of image-potential states 18 -20 on the Cu͑001͒ surface ͑Sec. IV͒.
II. CALCULATION OF ENERGY-RESOLVED TWO-PHOTON PHOTOEMISSION SPECTRA

A. Density matrix for a three-level system
In order to calculate energy-resolved 2PPE spectra, we consider a three-level system consisting of an occupied initial state ͉1͘, an intermediate state ͉2͘, and a final state ͉3͘, as shown in Fig. 1 . The final state is assumed to be a freeelectron state with an infinite lifetime. In the limit of weak coupling the probe process does not influence the population of the intermediate state significantly, and the population of state ͉3͘ can be interpreted as the electron count rate in the experiment. The energy E 3 of the final state lies in the continuum, and can take any value. An energy-resolved spectrum is obtained by scanning E 3 in reasonable bounds. The dynamics of the three-level system is described in the Liouville-von Neumann formalism 21 by
with the density operator and the Hamiltonian
V ϭ͉1͘p a ͗2͉ϩ͉2͘p b ͗3͉ϩH.c.
͑5͒
Throughout this paper atomic units are used, i.e., e 2 ϭប ϭm e ϭ1. Ĥ 0 describes an unperturbed three-level system, and V the interaction with the electric field. The perturbation operator stands for the matrix elements of time-dependent electrical dipoles induced by the pump pulse, p a ª⑀ ជ a E a (t) ϫ͗1͉D ជ ͉2͘, and the probe pulse,
where D ជ is the dipole operator. The optical transition matrix elements are defined, assuming that the pump pulse mediates only transitions between the states ͉1͘ and ͉2͘ and the probe pulse between the states ͉2͘ and ͉3͘. It is the strength of the Liouville-von Neumann formalism that it allows one to describe decay and dephasing effects. To that end, the real damping matrix ⌫ is introduced which has the following structure in the basis of energy eigenfunctions of Ĥ 0 ͑Refs. 22 and 23͒: 
and the detunings
The diagonal elements of the density operator are real, and represent the occupation probability of each state. The complex off-diagonal elements mn ϭ nm * describe the fieldinduced coupling of states m and n. As initial values, 11 ϭ1 and 22 ϭ 33 ϭ 12
(1) ϭ 23 (2) ϭ 13 (3) ϭ0 in the limit for t →Ϫϱ are chosen. Then, the set of differential equations ͑7͒ allows one to calculate energy-resolved 2PPE spectra determining the dependence of the matrix element 33 on the detuning ⌬ b , i.e., the final-state energy E 3 in the limit for t→ϱ.
B. Limit of separated pump and probe pulses
Consider first subsequent and completely separated pump and probe pulses, i.e., E a (t)E b (t)ϭ0, ᭙t. Due to the action of the pump pulse (E a 0,E b ϭ0) the population of the intermediate state is increasing. When the pump pulse terminates, the population decays exponentially with the rate ⌫ 22 . 13 (3) ϭ 23 (2) ϭ 33 ϭ0 is still valid. When only the probe pulse is active (E a ϭ0,E b 0) the set of equations ͑7͒ simplifies to 22 ϭIm͑ p b * 23 (2) ͒Ϫ⌫ 22 22 ,
We assume, furthermore, that the population of the intermediate state is not influenced significantly by the probe process, i.e., 33 Ӷ 22 and Im(p b * 23 (2) )Ӷ⌫ 22 22 . Equation ͑10͒ can then be solved consecutively, from 22 over 23 up to 33 . Using the respective Green functions, we write the sequence in integral forms
͑14͒
The probe pulse is assumed to be centered at tϭ0. Note that the dependence of the two-photon photoemission intensity on the pump-probe delay T d is contained in 22 This is the result we intuitively adopted from conventional photoemission ͓Eq. ͑1͔͒ when 22 is regarded as initial state and ⌫ corresponds to the photo-hole lifetime. Now assume ⌫ 22 ϭ⌫Ͼ0, i.e., a decreasing intermediate state population 22 ϰe
Ϫ⌫t . The second integral in Eq. ͑16͒ can then be written as
and I is given by
͑19͒
The first term describes a Lorentzian peak, with the width 2⌫*ϩ2⌫ f * defined only by the dephasing rates. It is convoluted with a function determined both by the electric-field envelope of the probe pulse p b and the decay rate of the intermediate state ⌫ϭ⌫ 22 . Through the latter coupling the probe pulse envelope ͓ p b (t)ϰE b (t)͔ influences the measured linewidth, as will be discussed in Sec. III. Obviously, for separated pump and probe pulses it is of no importance whether the intermediate state is resonantly populated (⌬ a ϭ0) or not (⌬ a 0).
C. Overlapping pump and probe pulses
Now an expression for 33 will be derived for overlapping pump and probe pulses and off-resonant excitation in the pump process (⌬ a ӷ⌫ 12 ,⌫ 13 
The differential equations for 12 (1) and 13 (3) have the structure
and describe driven harmonic oscillations where the resonance frequencies ⌬ are the respective detunings. The frequency response function is given by
In Eq. ͑23͒ first terms of the expansion into a Taylor series for ϭ0 are also given. Figure 2 shows the real and imaginary parts of the frequency response function and the spectrum of the envelope of an exciting laser pulse. Note that the carrier frequency a has been removed by the coordinate transformation ͓Eq. ͑8͔͒ and thus the pump pulse is centered at zero frequency with a bandwidth ⌬. Because the frequency response curve varies little within the bandwidth of the exciting pulse, it suffices to take only the first two terms of the Taylor series into account. By an inverse Fourier transform of the product of the frequency response and the spectrum of the exciting pulse, one can derive 12 (1) :
͑24͒
We assume p a to be real, i.e., we consider pulses without chirp. Only the imaginary part of 12 (1) contributes to the population of the intermediate state 22 
There are two contributions to the population 22 of the intermediate state. The first one is given by the convolution of the pump pulse intensity and a decay term, and is proportional to the pure dephasing rate. The second one directly follows the pump pulse intensity. Inserting Eq. ͑25͒ into Eq. ͑21͒ yields the following equation for 23 (2) :
͑26͒
Within these approximations the intermediate state peak appears only at nonvanishing pure dephasing rates ⌫*ϩ⌫ i * in the energy resolved 2PPE-spectrum, as already found for continuous excitation in Ref. 13 . For large pump-probe delays, when the population of the intermediate state can be considered to be no longer influenced by the pump pulse, the driving term for the matrix element 23 (2) is the same as in Eq. ͑10͒. However, Eq. ͑26͒ additionally allows one to calculate the line shape for overlapping pump and probe pulses in the limit of large detuning. When the decay of the intensity of the pump pulse is slower than the decay of the population of the intermediate state, the intermediate state is steadily pumped. This case can also be treated with Eq. ͑26͒.
III. DISCUSSION OF SPECIAL PULSES
We will discuss Eq. ͑19͒ for three frequently used pulse shapes p(t) of the envelope of the electric field. The full width at half maximum of the intensity in the time and frequency domains are given in the third and fourth columns of Table I . The last column gives analytical solutions for the linewidth of the intermediate-state peak at large pump-probe delay in the limit of long pulses, which eliminates the contributions of the spectral width of the probe pulse to the linewidth.
A. Gaussian-shaped pulses
Apply Eq. ͑19͒ to a probe pulse with Gaussian shape. The second Fourier transform in Eq. ͑19͒ now implies the product of a Gaussian function and an exponential function. This yields a shifted Gaussian function 2 ) has the same width as the laser pulse. The width of the intermediate state has no effect on the result. The peak shape is given by the convolution of a Gaussian function of width ⌫ Gauss ϭ4 ln 2/T p , and a Lorentzian curve whose width is given by ⌫ Lorentz ϭ2⌫*ϩ2⌫ f * and is independent of ⌫.
Having analytical estimates for the limit of separated pulses at hand, we now consider the unrestricted solution of the Bloch equations ͑7͒. They have been solved numerically for pulses with Gaussian shape using the Runge-Kutta method. 25 ) depends only on the pump-and probe-pulse durations. The offset between the curves for large negative delay (Ϸ33 meV) corresponds to the difference in decay rates.
B. Hyperbolic secant and exponential-shaped pulses
A complete experimental characterization of laser pulses is not straightforward. By analogy to soliton propagation in optical fibers ͑see, e.g., Ref. 26͒ the output of Ti:sapphire oscillators is often assumed to have sech envelopes. Since sech-shaped pulses are rather tedious to handle analytically, here we consider probe pulses with exp shapes as given in Table I with the duration T p (b) ϭln 2/B b . Numerical calculations show that excitations with exp and sech pulses yield qualitatively the same linewidths. This is due to the same asymptotic behavior of both pulse shapes. Therefore, we will calculate the linewidths for excitation with exp pulses analytically, and illustrate the results with numerical calculations for excitation with sech pulses. We assume long pump-probe delays and exponentially decaying 22 with a decay rate ⌫Ј. ⌫Ј is some effective decay rate, which, e.g., is obtained when the decay rate of the pump-pulse intensity 2B a is smaller than the decay rate of the intermediate state ⌫ 22 . The analytical solution ͑see the Appendix͒ then reveals two general cases which are distinguished by the ratio between the probe-pulse duration and the population decay of state ͉2͘. If ⌫ЈϽ2B b the shape of the intermediate-state peak is given by
Otherwise if 2B b Ͻ⌫Ј, i.e., a long probe pulse compared to the population decay, one obtains
Note that the final-state energy E 3 enters Eqs. ͑28͒ and ͑29͒ via the detuning ⌬ b in the parameter ␣ ͓see Eq. ͑14͔͒. Equa- 3 . Numerically calculated linewidths for pulses with Gaussian shapes at off-resonant excitation in the pump process. The pulse durations are 100 and 50 fs for the pump and probe pulses, respectively. For the upper picture the pure dephasing rate has been set to 0.1 meV.
tion ͑29͒ describes a Lorentzian curve of width ⌫ϩ2⌫* ϩ⌫ f *Ϫ2B b , and reduces for the normal case ⌫Јϭ⌫ 22 to
where the T d dependence of the two-photon photoemission intensity is not given by the population decay of the intermediate state but by the decay of the probe pulse intensity. Solutions of the full Bloch equations for these two cases are depicted in Fig. 4 . For various probe-pulse durations the linewidths of the intermediate-state peak have been calculated assuming sech pulses. If ⌫Јϭ2B b is satisfied, the linewidth shows a minimum. For long probe-pulse durations ͑second case͒, the linewidth converges to ⌫ϩ2⌫*ϩ2⌫ f * .
Left to the minimum, the first case is realized. If the decay rate of the pump-pulse intensity 2B a is slower than the decay rate of the intermediate state, i.e., 2B a Ͻ⌫, the pump pulse still excites electrons to state ͉2͘. Thus, in the limit 2B a Ӷ⌫, one can set ⌫Јϭ2B a for the generalized decay rate. The effect can be seen in the curves for 10-and 20-fs lifetimes. The minimum occurs according to the condition 2B a ϭ⌫Јϭ2B b exactly at 100 fs, i.e., the probe-pulse duration. For off-resonant excitation the linewidth at a negative pump-probe delay can be estimated. In this case the probe pulse arrives at the sample when the pump pulse ͑duration T p (a) ) is just starting. The driving term in Eq. ͑26͒ can be derived to increase exponentially with the rate Ϫ⌫Јϭ2B a . Inserting this into Eq. ͑28͒, one obtains
Hereby B b ϾB a ͑probe-pulse duration less than the pumppulse duration͒ must be satisfied to ensure that all integrals in the derivation of Eq. ͑28͒ converge. Because there is no T d dependence for a negative pump-probe delay the linewidth converges to a constant value. The full pump-probe delay dependence of the linewidth is shown in Fig. 5 for various lifetimes and pure dephasing rates. The case ⌫ЈϽ2B b is realized for all curves.
C. Cosine squared pulses
We also have solved Eq. ͑15͒ for excitation with cos 2 pulses ͑see the last row of Table I͒ and separated pump and probe processes. The expression for the line shape is rather complex. In the limit for long pulses, i.e., (⌫T p ) 2 ӷ1, the full width at half maximum is approximately given by 0.6⌫ϩ1.5(⌫*ϩ⌫ f *). For a negative pump-probe delay T d the linewidth increases with decreasing T d , and does not converge to any constant value.
IV. COMPARISON TO EXPERIMENTAL DATA
The developed model can be applied to the imagepotential states nϭ1 and 2 of the Cu͑001͒ surface. Here the electrons are excited from a continuum of initial states. This is taken into account by calculating spectra for many discrete initial states and summing over them, weighted with the density of states which is assumed to be the one of a freeelectron gas. The analyzer resolution is introduced by a summation over final states weighted with a Gaussian-shaped analyzer function. In the summation over initial states, the resonant excitation from the initial to the image-potential state is also contained. The numerical data show that the dependence of the linewidth on the pump-probe delay is like that predicted from the theory for off-resonant excitation. Figure 6 shows experimentally determined linewidths of the image-potential state for various pump-probe delays. In spite   FIG. 4 . Numerical calculations of the dependence of the linewidth on the probe pulse duration at large pump-probe delays and off-resonant excitation in the pump process. Both pump and probe pulses are sech pulses ͑the pump pulse duration is 100 fs͒. The pure dephasing rate is 0.1 meV.
FIG. 5.
Numerically calculated linewidths for sech-shaped pump and probe pulses with durations of 100 and 50 fs, respectively, and off-resonant excitation in the pump process. For the upper picture the pure dephasing rate has been set to 0.1 meV.
of the difference between the lifetimes of the nϭ1 and 2 states (40Ϯ6 and 120Ϯ15 fs; see Ref. 20͒ the linewidths are for large pump-probe delays nearly the same. For overlapping pump and probe pulses the linewidths show a linear dependence on the pump-probe delay, where the slope is independent of the lifetime. Hence for the numerical calculation Gaussian-shaped pulses are assumed, and the lifetimes, pure dephasing rates, and pulse durations are fitted. The agreement between experimental and numerical data is indeed satisfying. From autocorrelation and crosscorrelation measurements pump and probe pulse widths have been independently estimated to 72 and 33 fs, respectively. To improve the description of experimental data further, it is certainly mandatory to characterize pump and probe pulses more thoroughly.
V. SUMMARY
An analytical description of energy-resolved two-photon photoemission spectroscopy using the optical Bloch equations has been presented. This allows us to extract the influence of the laser-pulse shape on the energy distribution curves. It turns out that the linewidth of the intermediatestate peak depends crucially on the shape of the pump and probe laser pulses. This leads to different, i.e., pulse-shape dependent, contributions of decay and dephasing rates to the linewidth. Their impact changes with pump-probe delay, and depends on the pulse shape. Furthermore, even the pulse duration influences the measured linewidth. For Gaussianshaped pulses the pulse durations as well as decay and dephasing rates of the intermediate states can be extracted in a relative simple way from the linewidth analysis of 2PPE spectra obtained for different pump-probe delays. Our results imply that for a reliable interpretation of experimentally determined linewidths in energy-resolved 2PPE spectra the laser-pulse shapes must be known. 
͑A2͒
Then I is given by Eq. ͑13͒:
FIG. 6. Measured ͑dots͒ and calculated ͑solid lines͒ linewidths of the image-potential states nϭ1 ͑lifetime 36 fs, pure dephasing rate 2 meV͒ and nϭ2 ͑lifetime 130 fs, pure dephasing rate 0.1 meV͒ on the Cu͑001͒ surface. The pulses have Gaussian shapes, and their durations are 62 and 37 fs for the pump and probe pulses, respectively. The experimental uncertainties are within the symbol size.
